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ABSTRACT 
First order shear deformation (FSDT) theory for 

laminated composite beams is used to study free 

vibration of laminated composite beams, and finite 

element method (FEM) is employed to obtain numerical 

solution of the governing differential equations. Free 

vibration analysis of laminated beams with rectangular 

cross – section for various combinations of end 

conditions is studied. To verify the accuracy of the 

present method, the frequency parameters are evaluated 

and compared with previous work available in the 

literature. The good agreement with other available data 

demonstrates the capability and reliability of the finite 

element method and the adopted beam model used. 

 

Keywords - Finite element method, first order shear 

deformation, free vibration, laminated beams, cross – 

ply symmetric.  

 

 

I. INTRODUCTION 

 
Laminated composite beams and plates are commonly 

used in automotive, naval, aircraft, light weight 

structure, aerospace exploration and civil and 

mechanical engineering applications. Composite 

materials have interesting properties such as high 

strength to weight ratio, high stiffness to weight ratio, 

ease of fabrication, resistance to corrosion and wear, 

fatigue and impact resistance, and some other superior 

properties. Therefore, they have taken the place of the 

other engineering materials [ ], [ ] and [ ]. Composite 

beams find important area of application in many 

mechanical, civil and aeronautical engineering structures 

[ ], [ ] and [ ]. As a result, studies on their static and 

dynamic behavior analysis have gained an important 

place among mechanical and civil engineering research, 

and hence a vast amount of study has been carried out on 

this area [ ] and [ ]. 

A laminated composite material consists of several 

layers of a composite mixture consisting of fibers and 

matrix. Each layer may have similar or dissimilar 

material properties with different fiber orientations under 

varying stacking sequence. There are many open issues 

relating to design of these laminated composites. Design 

engineer must consider several alternatives such as best 

stacking sequence, optimum fiber angles in each layer as 

well as number of layers itself based on criteria such as 

achieving highest natural frequency or buckling loads of 

such structure [ ]. 

Regarding the bending, buckling or vibration problems 

found in laminated beams, the difficulty involved is in 

solving the related partial differential equations. Closed 

form solution is possible when at least a pair of opposite 

edges is simply supported. Otherwise, an approximate 

method such as Galerkin method, the Rayleigh – Ritz 

method, the extended Kantorovich method and the finite 

element method (FEM) is usually employed [  ]. 

As presented by some scholars and researchers [  ] and 

[  ], the dynamic characteristics of laminated composite 

beams have not been studied as extensively as those of 

plates and shells. Yildirim [  ] pointed out that a 

substantial number of publications on laminated beams 

are based on the classical laminate theory i.e. the 

Bernolli – Euler theory, which neglects the influence of 

transverse shear and rotary inertia. In general, since 

composite materials have a high ratio of extensional 

modulus to transverse shear modulus, the effect of the 

transverse shear deformation must be considered in the 

dynamic analysis especially for moderately thick or 

thick beams. Khideir and Reddy [  ] showed that the 

effects of rotary inertia and shear deformation can be 

significant even for fundamental frequencies of 

laminated beams with boundary conditions, such as 

clamped – free, clamped – simply supported and 

clamped – clamped.  

The theory used in the present paper comes under the 

category of displacement theories as classified by Phan 

and Reddy [  ]. In this theory, which is called first order 

shear deformation theory (FSDT), the transverse planes, 

which are originally normal and straight to the middle 

plane of the plate, are assumed to remain straight but not 

necessarily normal after deformation, and consequently 

shear correction factors are employed in this theory to 

adjust the transverse shear stress, which is constant 

through thickness. Numerous studies involving the 



 

 

  

application of the first order theory to vibration, bending 

and buckling analyses can be found in the literature of 

Reddy [  ], Reddy and Chao [  ], Prabhu Madabhusi – 

Raman and Julio F. Davalo [  ], and J. Wang, K. M. 

Lew, M. J. Jan, S. Rajendran [  ]. 

 

II. MATHEMATICAL FORMULATION 
 

Consider a beam of length L, breadth b, and depth h 

made up of n plies with varying thickness, orientation, 

and properties; but perfectly bonded together as shown 

in fig. ( ). 

 

Fig. ( ) n – layered beam 
 

Treat the beam as a plane stress problem, and employ 

first – order shear deformation theory. The longitudinal 

displacement U and the lateral displacement W are as 

follows: 

 

 

Where  and  are the mid – plane displacements,  is 

the rotation of the deformed section about the y – axis, 

and is time. 

The strain – displacement relations are: 

 

 

Where the subscripts have the same meanings as those 

used in three – dimensional elasticity formulation i.e.  

is the longitudinal strain and  is the through – 

thickness shear strain. These strains can be written in 

matrix form as follows:  

 

Where the superscript (e) denotes any of the N quadratic 

– order. Lineal element of the beam as shown in fig. ( ) 

below. 

 

Fig. ( ) quadratic – order element 

Where,   

The element strain – displacement matrix is given by:  

 

The vector of nodal displacements is: 

 

, , and ,  are  continuous shape 

functions as follows: 

 

 

 

The constitutive relationship is: 

 

Where D is an  material property matrix given in 

Appendix (A). The strain energy is given by: 

 

Where  denotes volume i.e.  

Substitute equation ( ) into equation ( ) to get: 

 

or 

 



 

 

  

 
 

Where  is the element stiffness matrix 

 

 
 

 

Where, 

 

 

 is the shear factor =    , and  and  as defined 

in Appendix (A).   

Work done by inertia forces is given by: 

 

By introducing equation ( ), the above equation is 

transformed to: 

 

Where  is the mass density. 

It is assumed that motion due to vibration is harmonic 

i.e.  

 

Where  stands for  and  is the natural circular 

frequency. Hence, 

 

By introducing the shape functions, the work done by 

inertia forces is given as follows: 

 

Where:  

 

                                              

 

Where  is the element mass matrix  

 

 

Where, 

 

In the absence of damping and external loads, the total 

energy is given by: 

 

 

 

Which can be expressed globally as:  

 

Where: 

 

Where K, M, and  are the global stiffness matrix, mass 

matrix, and vector of nodal displacements respectively. 

The non – dimensional quantities used in the analysis 

are: 

 

 

 



 

 

  

 

 
Where  and  are the values of the moduli of elasticity 

in the fiber direction and density respectively of the top 

ply of the beam. 

The element stiffness matrix  , and element mass 

matrix  involve integrals which can be performed by 

hand. The non-dimensional entries in these matrices are 

given in Appendix (B). It should be noted that the 

natural frequencies are independent on the breadth of the 

beam as b cancels out in equation ( ). However, it must 

be stated that treating the beam as a plane stress problem 

demands that the breadth must be small compared with 

the depth.  

The number of elements employed determine the size of 

the global stiffness and mass matrices. If the number of 

elements is N, then K and M are   (N –  ) +   square 

matrices. The stiffness and mass matrices are both 

symmetrical and therefore only those elements in the 

upper half of each matrix are given in the appendix. 

The number of elements required in any analysis 

depends on the aspect ratio of the beam, the end 

conditions, and the material properties. However, before 

that comes the number of frequencies required. If only 

the first couple of frequencies are required, then perhaps 

five or six elements may be sufficient in yielding 

accurate results. Accurate results are those results which 

do not alter significantly with the increase of the number 

of elements. However, if    frequencies of a slender 

beam are to be computed with reasonable accuracy, then 

one may have to employ    elements as in the present 

study. 

 

III. BOUNDARY CONDITIONS 
 

All of the analyses described in this paper have been 

undertaken assuming the beam to be subjected to 

identical and / or different support conditions. The eight 

sets of the edge conditions used here are designated as 

clamped – clamped (CC), clamped – simply supported in 

– plane fixed (CS ), clamped – simply supported in 

plane free (CS ), clamped – free (CF), simply supported 

in plane fixed (SS ), simply supported in plane free 

(SS ), simply supported free (SF), free – free (FF) are 

shown in table ( ) below. 

 

Table ( ) Boundary conditions 

 
       

Clamped – clamped (CC)             

Clamped – simply 

supported in plane fed 

(CS ) 

    -       

Clamped – simply 

supported in plane free 

(CS ) 

-   -       

Clamped – free (CF) - - -       

Simply supported in 

plane fixed (SS ) 

    -     - 

Simply supported in 

plane free (SS ) 

-   - -   - 

Simply supported free 

(SF) 

- - - -   - 

Free – free (FF) - - - - - - 

 

IV. VERIFICATION OF THE FINITE 

ELEMENT (FE) METHOD  
 

The present FE results are compared with similar results 

generated by other FE and/ or alternative techniques 

including approximate analytical and exact solutions so 

as to validate the present FE program. 

For verification consider a AS        –   graphite/ 

epoxy composite beam of rectangular cross – section 

with all fiber angles arranged to ( /   /   /  ). The 

material properties of the beam are given as follows: 

 

 

The dimensions of the beam are taken as follow: 

L = length of laminated composite beam =       m 

b = breadth of laminated composite beam =      mm 

h = thickness of each ply =      mm 

In table ( ) below the present non – dimensional 

frequencies of cross – ply laminated ( /   /   /  ) beam 

with aspect ratio (L/h =   ) are compared with three 

other results of Refs. [  ], [  ] and [  ]. The 

verification process utilizes different boundary 

conditions for the first three modes of vibration.  

The four sets of results showed good agreement 

especially in the first mode. 

 

Table ( ) Non – dimensional natural frequencies  

 of symmetric ( /   /   /  ) cross – 

ply beam (L/ h =   ) 

 
Boundary 

Condition 

mode Ref. 

[  ] 

Ref. 

[  ] 
Ref. 

[  ] 
Present 

study 

 

Clamped – 

clamped (CC) 

                             

                                 

                                 

 

Clamped – free 

                -        

                -        



 

 

  

(CF)                   -         

Clamped – 

simply supported 

in plane free 

(CS ) 

                -        

                -        

                  -         

Simply – simply 

supported in 

plane free (SS ) 

                -        

                -        

                  -         

 

It is observed from table ( ) that the prediction of the 

natural frequencies by the present study of first order 

shear deformation theory are closer to that of plate 

theory (i.e. PT  and PT ) results of Refs. [  ] and [  ], 

and are far away from that of high order beam theory 

(i.e. HOBT  and HOBT ) results of Ref. [  ] especially 

as the mode of vibration increases. 

Table ( ) Comparison of non – dimensional natural 

frequencies  of a clamped – free 

supported laminated composite beam  ( /   /   /  ) 
 

Mode 

Number 

HOBT 

  [  ] 

HOBT 

  

[  ] 

PT   

[  ] 

PT   

[  ] 
PT   

[  ] 
PT   

[  ] 
Present  

                               .                   

                                                   

                                                          

 

A symmetric cross – ply ( /   /   /  ) thin beam under 

simply – simply supported in plane free (SS ) condition 

is considered for free vibration analysis. The non - 

dimensional natural frequencies ( ) obtained from the 

present investigation are compared in table ( ), with 

higher order theory (HOT) and layer wise theory (LWT) 

of Ref. [  ], the first order beam theory (FOBT) by 

Marur and Kant of Ref. [  ], higher order beam theory 

(HOBT) by Kant et al. of Ref. [  ], the mixed theory by 

Rao et al. of Ref. [  ] and the FEM solution by 

Ramtekkar et al. of Ref. [  ]. The present results have 

been observed to be in good agreement with the FOBT 

results. 
 

Table ( ) Comparison of non – dimensional natural 

frequencies  of simply supported 

symmetric  ( /   /   /  ) beams, (L/h =   ) 
 

Mode  HOT 

[  ] 

LWT 

[  ] 

Marur 

and Kant 

FOBT[  ] 

Kant et 

al. 

HOBT 

[  ] 

Roa et 

al. [  ] 
Ramtekkar 

et al. [  ]  
Present 

                                             

                                             

                                                     

 

The non – dimensionalized first three natural frequencies of a 

symmetric cross – ply ( /   /   /  ) for clamped – clamped (C 

– C), clamped – simply supported (C – S ) and clamped – free 

(C – F) boundary conditions are compared in table ( ) with 

similar results presented in [  ], [  ], [  ], and [  ]. As it can 

be seen from this table, good agreement exists between the 

obtained results in this work and other references, especially 

those results found in Ref. [  ].  
 

Table ( ) Comparison of non – dimensionalized 

natural frequencies  of symmetric 

cross – ply beams  ( /   /   /  ) beams, (L/h =   ) 
 

Beam 

supported 

type 

Mode 

Number 

[  ] [  ] [  ] 

E  

[  ] 

E  

[  ] Present 

 

C – C  

                                       

                                             

                                             

 

C – S   

              -  -              

              -  -              

                -  -                

 

C – F  

  -                                 

  -                                 

  -                                      

 

Normalized natural frequencies of damped – free (C – F) 

beam with cross – ply lamination ( /   /   /  ) are taken 

up for comparison as shown in table ( ). Through the 

close correlation observed between the present model 

and the earlier works [  ] and [  ], accuracy and 

adequacy of the first order model is established. 

 

Table ( ) Comparison of non – dimensional natural 

frequencies  of simply supported 

symmetric  ( /   /   /  ) beams (L/h =   ) 

Mode 

Number 

Ref. [  ] Ref. [  ] Present 

                       

                       

                          
 

 

V. NEW NUMERICAL RESULTS  
 

It was decided to undertake study cases and generate 

results of natural frequencies for cross – ply 

symmetrically laminated ( /   /   /  ) composite beams 

to be used as bench marks for other researchers. 

The natural frequencies of a beam are affected by many 

factors such as the orthotropic properties of an individual 

lamina or ply, the number and orientation of the plies 

from which the beam is built, the material anisotropy, 

the aspect ratio of the beam, and the end conditions. A 

large amount of data has been produced which cannot be 

presented in a limited space as provided by this 

publication. For this reason, the results of a beam with 

the following characteristics are presented: 

Material properties: 

 

 

Aspect ratio (L/h) =   ,   ,    

End conditions: ( ) clamped – clamped (CC), ( ) 

clamped – simply supported in plane fixed (CS ), ( ) 



 

 

  

clamped – simply supported in plane free (CS ), ( ) 

clamped – free (CF), ( ) simply – simply supported in 

plane fixed (SS ), ( ) simply – simply supported in 

plane free (SS ), ( ) simply supported – free (SF), and 

( ) free – free (FF). The results are shown in tables ( ), 

( ), ( ), and ( ) below: 
 

Table ( ) Natural frequencies of a beam with E /E  = 

  , L/h=    

Mode CC CS CS  CF SS  SS  SF FF 

                                                          

                                                           

                                                                 

                                            .                     

                                                                  

                                                                  

                                                                  

                                                                  

                                                                  

                                                                   

 

Table ( ) Natural frequencies of a beam with E /E  = 

  , L/h=    

Mode CC CS CS  CF SS  SS  SF FF 

                                                          

                                                           

                                                                 

                                                                  

                                                                

                                                                  

                                                                  

                                                                  

                                                                  

                                                                    

 

Table ( ) Natural frequencies of a beam with E /E  = 

  , L/h=    

Mode CC CS CS  CF SS  SS  SF FF 

                                                           

                                                           

                                                                 

                                                                  

    .                                                             

                                                                  

                                                                 

                                                            .     

                                                                  

                                                                   

 

Table ( ) comparison between the natural 

frequencies of beam ( /   /   /  ) (E / E  =   , 

L/h=  ) and a similar isotropic beam 

(E=   kN/mm
 
, G=  kN/mm

 
) for the different end 

conditions. 
 

Mode CC CF SS  

Laminate Isotropic  Laminate Isotropic  Laminate Isotropic  

                                            

                                              

            .                                    

                                                  

                                                   

                                                  

                                                   

                                                   

                                                      

 

 

VI. CONCLUSIONS  
 

A first – order shear deformation theory is used to study 

the undamped natural frequencies of cross – ply 

symmetrically laminated beams of the arrangement ( / 

  /   /  ). Finite element (FE) method is presented for 

the analysis of the laminated beams. The convergence 

and accuracy of the FE solutions are established by 

comparison with different exact and approximate 

solutions. The present FE method shows a good 

agreement with other analytical and numerical methods 

used in the verification scheme. Finally, a series of new 

results of laminated composite beams have been 

presented. These results show the following: 

 . The natural frequencies of different boundary 

conditions of laminated composite beam have recorded. 

The results show good agreement with the existing 

literature used in the verification process. 

 . It is found that natural frequency is minimum for 

clamped – free supported beam and maximum for 

clamped – clamped and free – free supported beam. In 

between these extreme values, natural frequencies of 

simply – simply supported in plane free and clamped – 

simply supported in plane free lies respectively. 

 . It is found that natural frequency increases as the 

value of the Young's modulus of the fiber increases. 

 . It is also found that the material anisotropy has 

relatively negligible effect on the mode shapes. 

 . The aspect or slenderness ratio has a considerable 

effect on all modes of vibration. 
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APPENDICES 

Appendix (A) 

The matrix of material properties is: 

 
  and    are the transformed properties from fiber 

direction to the beam x – direction. 

 

 

Where: 

 

 

 

 

and  is the angle of orientation of the ply with respect 

to the beam axis. 

 ,  ,   represent the Young's moduli, shear moduli 

and Poisson's ratio for an orthotropic lamina or ply. 

 

Appendix (B) 

The elements of the stiffness matrix    

 
 

  
 

 

 
 

 
 

  
 

 

 
 

  

  

  

  

 
 

 
 

  
 

 

 
 

 
 

 
 

  

  

 
 

 
 

  

 
 

 

The elements of the mass matrix: 

 
 

  

 
 

 
 



 

 

  

 

 

 
 

 
 

  

 
 

  

 
 

 
 

 

 

 
 

  

 
 

 
 

 
 

  

  

 
 

 
 

 

 

 
 

 

 

 

 

     

 

 


