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٢ J١K  
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אerror signalאאKאאא
אFEאאא

אאאאאא
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אאאKא

אאאW 
 

א JאאאאK 
٢ JאאK 
٣ JאאK 
٤ JאאאK 
٥ JאאאK 

 
אאאאאאאא

אאאאאKאאא
אאאאאאאאא

Kאאא
אKאאאא

אאאאאא
אאK 

 
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٢ J٢K LAPLACE TRANSFORMATION 
 
٢ J٢ J١K Introduction 

אאLaplace Transformאאא
א،אאאאאאאא

Sinusoidal FunctionאאאExponential Functions،אאא
Algebraic FunctionsComplex VariableS)E

אאאא،
S-planeK 
 

٢ J٢ J٢K אאComplex S-plane 
אאcomplex variableאא

אאKאאW 
 JReal PartσK 

Imaginary Partω .j 
אאאאאx-axisאאאאא 

Y-axisF1-2EאאאS-planeK 
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 
אאאאאאG(s)  אאא

אא SאW 
F1-2E)(Re)(Im)( sGsGsG += 

אF1-2EW 

n
1n

1
n

0

m
1m

1
m

0

a.......sasa
b.......sbsb

G(s)
+++
+++

= −

−

 

אאאW 
 

)ps)........(p)(sp(s
)zs)........(z)(sz(sKG(s)

n21

m21

−−−
−−−

= 

 
אאאאS-planeאאא

FאsאEsFP1, P2, …, PmEאpoles
FXEאFZ1, Z2, …, ZmEאzeroFOKE

אאpoleאאאאK 
 

2�1�אא�S-plane

jω

σσ10

ω1 s1
σ1 + jω1

s-plane

)٢-٢( 
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1-2W 
אאPoles and ZerosאGSאאא

S-planeW 

2)5)(3(
)2)(4(25G(s)

++
++

=
sss

ss
 

אW 
Polesאא 

05)3)(ss(s 2 =++ 
 

W 
S1=0, S2=-3 simple poles and S3,4=-3 second order poles 

אאZerosW 
02)4)(s25(s =++ 

W 
zeros) (simple  2s , 4s 21 −=−= 

 
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אאאאF2-2Eאpoles and zero
אאK 

 
 

2-2W 
אא Poles and ZeroאG(s) אאא

S-planeW 

)102)(6(
)4()( 2 −++

+
=

sss
sKsG 

אW 
אW 
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٢ J٢ J٤K אאLaplace Transform Theorems 
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 
F١WEאאMultiplication by a Constant 

 kא،F(s)אאאf(t)W 
2)-(4                                kF(s)[kf(t)] =L 
 

F٢EWאאSum and Difference 
)(1 sF)(2 sFאאא(t)f1(t)f2אאW 

F5-2E        (s)F(s)F(t)]f(t)[f 2121 ±=±L 
 

F٣EWאDifferentiation 
)(sFאאאf(t)אאf(0)t=0 
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f(0)אאאאf(t)t=0Kאא
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 

F8-2E                      ss
f  (0) fF(s)])d([

′
+=ττL 

)0(f -1אאt=0W∫ == 0at tf(t)dt    )0(f -1 
KאאאאF2-2Eא 



٢٠٧ א אא 
 Jאאא J אאא 

 
 

- ٦٦ -  

 
٢ J٢ J٥K אInverse Laplace Transformation 
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אאf(t)KאL-1W 
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٢ J٢ J٦K אאאmodeling of translational Mechanical 
systems 

אאאF8-2Emass
dashpotspringKאpistonא
אviscous frictionאdampingא

אאאK 
 

F٤J٨EאK

m

אאyK
אBK

אfK
KK

 
 

אאאאאאא
אW 

 
١ J אאאאK 
٢ J אאאאאאאK 
٣ J אאאאאאK 
 

אאאאאא
אאW 

א (8-2) 
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F11-2E                                          ∑ = maF 
W 

אm=mass 
אa=acceleration 

אforce 
 

אאאאW 
 

 JאFM) Mass 
אאאא 

 

g
wM = 

W 
אweightW = 

Fg=9.8066Eאאgravityg = 
 

אאא)(fm tW 

F12-2E                                 dt
tdvM

dt
ty )()(dMMa(t) (t)f 2

2

m === 
 

WV(t)אK 
 
 Jאא (B) Viscous Friction 
אאא(t)fB W 

 

F13-2Edt
dy(t)B(t)fB = 

W 
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אא    friction viscousB = 
אאאאאntdisplacemey(t) = 

 
 Jאא(K) Linear Spring 

אאא(t)f kW 
F14-2EKy(t) (t)f K = 

 
FKEאאF1-4Eאא       F-

4٨EאW 
 

F15-2E                        
Ky

dt
dyB  dm  f  

dmKy-
dt
dyBf

2

2

2

2

++=∴

==

dt
y

dt
y

 

אאאF15-2EW 

                   
F(s)[f]

KY(s)[Ky]

y(0)]-B[sY(s)]d[B

(0)]y-sy(0)-Y(s)m[s]d[m 2
2

2

=
=

=

′=

l

l

l

l

dt
y
dt

y

 

W0y(0)y(0)אאאא == 
 

F16-2E                       F(s)K)Y(s)Bs(ms2 =++ 
 

אאאאאאאאא 
אאF7-4EW 
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 
אאאאW 

 

F٤J٩EאאאK

Ei(s)
Input

E0(s)
Ouput1

ms2 +Bs + K
1

ms2 +Bs + K

 
 

אאאKyאאy
אKאB(dy/dt)אFdy/dtE

Kאא،אא
אאאsאאFd/dtE2s

אא)/dt(d 22אאF4-6KE 
 

F13-2EW 
אאF10-2Eאאאאא 

אאK 

F٤J١٠EאK

MASS

M1M1 M2M2

MASSSPRING SPRINGf(t)

K1 K2

X1 X2

B1 FOR MASS M1 B2 FOR MASS M2

 
 

אאא (9-2) 

א (10-2) 
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אW 
אאאאא1x 

)xx(K
dt

dxB
dt

xdMf(t) 211
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1 −++= 
 

אאאא2אx 
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2 xK)xx(K
dt

dxB
dt

xd M0 +−++= 
אאאW 

(s)XK(s))XKsBs(MF(s) 21111
2

1 −+= + 
 

(s)X1(s)X 2אאא(s)/F(s)X 2 
 

٢ J٢ J٧K אאאא 
Modeling of Rotational Mechanical Systems 

אאאאאאF11-2Eא 
אאאangular velocityωא
damperאאאאאאאאאא

TאאאJאאאאאBא
אאωאאאK 

 

F٤J١١EאK

B1

ω

  F٢J١١Eא  א (11-2) 
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W 
אאאJ : moment of inertia of the load 

אא     f : viscous-friction coefficient 
אאאאא : angular velocity (rad/sec)              ω

אאT : torque applied to the system             
 

אאאאאאא
אאאאאאאא

אאאJ  ×אאאFαEW 
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W 
אאאF2rad/sec =angular acceleration ( α 

אאאאאW 
 

 JאאאFJ) Inertia 
אאא(t)TJW 

F19-2E                           2

2

dt
θ(t)dJ

dt
(t)dJ(t)JT(t) ===

ωα 
 

Wθ(t)אאאא 
 Jאא velocity friction (B) 

אא)(tTBW 

F20-2E                                  dt
(t)dB(t)TB

θ
= 

W 
אא B : viscous friction 

אאאא : angular displacement       θ(t) 
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 Jאאא  (K) Torsional Spring 
אאW 

F21-2E                 (t)K(t)Tk θ= 
FKEאspring constant 

 
אF8-4EאאF10-4EאW 

 

F22-2E                                   ωω

ωω

B
dt
dJT 

dt
dJBT

+=∴

=−

 

 
אאאF22-2Eאאא،W 

F23-2E                            (s)B)(JsT(s) ω+= 
 

אאאאאאאאW 
 

F24-2E                                              BJs
1

T(s)
(s)

+
=

ω
 

 
אאאאW 

 

F٤J٩EאאאK

Ei(s)
Input

E0(s)
Ouput1

Js +B

 
 

אא(12-2) א 
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F13-2WE 
אאאF13-2Eאאאאא

אK 

T1
J1

F٤J١٣EאK

J2

F
θ1 θ2

T2 K


MOTOR

אא
SHAFT 

PUMP

 
אW 

אא1θ2θאאW 
 

2
2

10

21
2

11

)(JsK

)(JT

θθθ

θθ

KFs

KKs

+++=

−+=
 

1θ2θאאK 
 
 

٢ J٣K אא 
 

אאא
אאאF

)(te)(tr)(tcEאF14-2EאRCא
אF)(te)(tr)(tc)(tlE

אF15-2EאRLCאK 
 
 
 

א (13-2) 
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F14-2WE 
Wאאאאאאאא 

 
 

 

 

 

 

 

 
  

אW 
 

אאאאW 
)()()( tetvtvr =+ 

אאאאאW 

)()( tRitvr = 

אאאאאW 

)(')(( tCvti = 

א)()()( tetvtvr =+ 

W)()()(' tetvtRCv =+ 

אאאRCאאF14-2E
אאK 

 

14-2אאRCא 

+

-

v(t)e(t)

R

C

 +  vr(t) -
+

-
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אאאW 
،אאאא 

)()()(' tetvtRCv =+ 
W 

))(())()('( teLtvtRCvL =+ 

L(e(t))=E(s)L(v(t))=V(s)، 
،אL(v'(t))=sV(s)א 
))(())()('( teLtvtRCvL =+ 

W)()()( sEsVsRCsV =+ 

אאאW 

1
1

)(
)()(

+
==

RCssE
sVsG 

אאאאWא
אאאא،אאKאאאאK

אאאsאא 
 

F15-2WE 
WאאאLRCאאאאאא 

 

 

 

 

 
אF(15-2אRLCא 

v(t)e(t)

 + vl(t)- + vr(t)-

-

+

R L

C
+

-
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א 

אאW 

)()()()( tetvtvltvr =++ 

 
W 

)()( tRitvr = 

)(')()( tLi
dt

tdiLtvl == 

)(')(( tCvti = 
א 

)()()()( tetvtvltvr =++ 
vr(t)،vl(t) i(t)W 

)()()(')('' tetvtRCvtLCv =++ 

אאאRLCאאK 
אאאRLCאW 

א،אאא 
)()()(')('' tetvtRCvtLCv =++ 

 
L(e(t))=E(s)L(v(t))=V(s)، 

،אL(v'(t))=sV(s)L(v"(t))=s2V(s)
אW 

)()()(')('' tetvtRCvtLCv =++ 
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W 
 

)()()()(2 sEsVsRCsVsVLCs =++ 

)()(]1[ 2 sEsVRCsLCs =++ 

אאאW 

1
1

)(
)()(

2 ++
==

RCsLCssE
sVsG 
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٢ J٤K אאאTypes of Industrial Controller 
אאאאא

אאW 
١ JאאTwo-position (ON-OFF) Controller 
٢ JאאProportional Controller (P-Controller) 
٣ JאאIntegral Controller (I-Controller) 
٤ JאאDifferential Controller (D-Controller) 
٥ JאאאPI-Controller 
٦ JאאאPD-Controller 
٧ JאאאאPID-Controller 
אאאאא

אאאאא
K 

 
٢ J٤ J١K אאTwo-position (ON-OFF) Controller 
אאF16-2EאM

FEK
אאK 

F٧J١Eאאא

C
+
_

Max

Min

Max

Min

אאא
א


א


א

M

B=C

E
R


א

א

 
 

אאא  (16-2) 
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אאאW 
F25-2Efor E>0FEM=Max 
F26-2Efor E>0FEM=Min 
אאMFאאEאא

،אאKאא
אאאאאאאאא

אאא،אאאאאאא
אאK 

 



٢٠٧ א אא 
 Jאאא J אאא 
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٢ J٤ J٢K אאProportional Controller (P-Controller) 
אאF17-2Eאא

אPKאאK 
 

F٧J٢EאאאK

C
+
_

Kp
אאא

א


א


א

M

B=C

E
R


אא





א
א

 
 

אאאאPKאא
KPKאא

אאאKאאPKאאFאE
אאאKאאאא W 

 
F27-2E                          e(t)Km(t) P= 
F28-2E                          E(s)KM(s) P= 

F29-2E                                  PK
E(s)
M(s)

= 

אF18-2EאאאאKא
אאFaEא

אPKאaK 

F٢J١٧Eאאא . אאא (17-2) 



٢٠٧ א אא 
 Jאאא J אאא 
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F٧J٣EאאK

0

e(t)


א

t t

m(t)


א

a

aKp

0

 
 

אאאאאא
אאאאאאאא

Kאאאאאאאאא 
 

٢ J٤ J٣K אאI-Controller 
אאאאאא

F19-2EאאKאאאא
אאאאאאאFR=CE

אW 
E=R-C=0 

F٧J٤EאאאK

C
+
_

אאא
א


א


א

M

B=C

E
R


אא





א
א

KI
S
KI
S

 
 

F٢J١٨Eאא . 

F٢J١٩Eאאא . 

אא  (18-2) 

אאא (19-2) 



٢٠٧ א אא 
 Jאאא J אאא 
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אF20-2Eאאאאאא

אאe(t)=aK 
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F20-2Eאאאאאאאאאא
אKאאאאאא

F30-2E 

F31-2E 

F٢J٢٠Eאא . 

F32-2E 

אא  (20-2) 



٢٠٧ א אא 
 Jאאא J אאא 
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אKאאאאא
אאאאאאאIKK 

 
אIKאreset rateאאא

אCאRKאאאIK
א،אאאאאא

אאאאאIKKאאאא
אאIKאאK 
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אאאאאא 
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אאFאEא

אאאאאKאאא
אאאאאK

F22-2Eאאא
אunit step functionK 
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אאא  (2٤-2) 

אאאא(25-2) א 
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אאאא(27-2) א 



٢٠٧ א אא 
 Jאאא J אאא 

 
 

- ٩٤ -  

 
אאF28-2Eאאאאאא

אFאEאא
אאאאאאאFt=0E

אאK 
 

F٧J١٣EאאאK
FאאאE

0

e(t)


א

t t

m(t)
א

1
KP

0

 
 

אאאאאאאאא
אW 

dt
dtKtKm(t) DP += 

F38-2EDP KtKm(t) += 
 

אאאF28-2E
אאאאאאאvTK 

 
٢ J٤ J٧K אאאאPID-Controller 
אאאאאאא

אאאאאF29-2KE
אF39-2EאW 

אאא  (2٨-2) 



٢٠٧ א אא 
 Jאאא J אאא 

 
 

- ٩٥ -  

F39-2E                                     e(t)
dt
dKe(t)dtKe(t)Km(t) D

t

0
IP ∫ ++= 

 
Fm(t)Eא،e(t)אFאKE 

 

F٧J١٤EאאאאאK

C
+
_

אאא
א


א


א

M

B=C

E
R


אא




א
א

KPKP

KDS

+
+

KI
S

KI
S

KI
S

+

 
 

PKאאIKאאDK
אאאאאאאאא

F٢ J٣٩EאאאאW 
 

F40-2E                                    SK
s

K
K

E(S)
M(s)

D
I

P ++= 

 
F30-2Eאאאאאאאא

אאK 
 

אאאאא (29-2) 



٢٠٧ א אא 
 Jאאא J אאא 

 
 

- ٩٦ -  

F٧J١٥EאאאאאאK

C
+
_

אאא
א


א


א

M

B=C

ER


אא


א
א

KPKP

1
TVS

1
TVS

+
+

1
TnS

1
TnS

+

 
 

אF40-2EאאאאאF
P

P

K
KE

אאW 
 

P

P
D

P

PI
P K

K
SK

K
K

s
K

K
E(S)
M(s)

++= 

 

F41-2E                                             ST
sT

11(K
E(S)
M(s)

v
n

P ++= 

W 

P

D
vPIn

I
I K

K
T   ,KTT   ,

K
1T === 

 
אאאnT , vT ,PKPKא

אאFאאEאאאא
אאKnTאאvT
אאKאF31-2Eאאאאא
אאאאK 

 

אאאאאא  (٣٠-2) 



٢٠٧ א אא 
 Jאאא J אאא 

 
 

- ٩٧ -  

F٧J٧Eאאאא
F(

0

e(t)


א

t t

m(t)
א

1

0





t

m(t)
א

0

KP












 
 

אאאאאאאאא
אאאאאאK 

 
 

אאאא  (31-2) 



٢٠٧ א אא 
 Jאאא J אאא 

 
 

- ٩٨ -  

 
 

١ J אאPoles and zerosאאאא
אs-planeW 

 

)2)(1(10s
G(s)    (d)                                        

)22s(
2)10(sG(s)   )(

)23s)(2(
)110s(sG(s)    (b)                                        

)10)(1(s
2)10(sG(s)   )(

2t-

2

22

++
=

++
+

=

+++
+

=
++

+
=

ss
e

ss
c

ssss
a

 

 
٢ J אאאאW 

 

u(t)2cos2sing(t)   (d)                                       u(t)2sin2g(t)   )(

)u(t)2sin(g(t)    (b)                                        u(t)5g(t)   )(

2

25

tttec

etttea

t

tt

==

+==

−

−−

 

 
٣ J אאאW 

 

)55s)(5.1(
)1(2G(s)    (f)                                        

)1(
1G(s)   )(

)2(
)1(2G(s)    (d)                                        

)1)(4s(
2)(s010G(s)   )(

)3()1(
10G(s)    (b)                                        

)3)(2(s
1G(s)   )(

2

2

3

22

2

+++
++

=
+

=

++
+

=
++

+
=

++
=

++
=

sss
ss

s
e

Sss
s

ss
c

ssss
a

 

 
٤ J אאאאאאאW 

FCHLr µ100        ,1.0     ,10 ==Ω= 
 



٢٠٧ א אא 
 Jאאא J אאא 

 
 

- ٩٩ -  

v(t)e(t)

 + vl(t)- + vr(t)-

-

+

R L

C
+

-

 
 
٥ J אאאK 

א JאאאאK 
 Jאאאאאאאאא

אK 
 Jאאאאאאא

אK 
٦ J אאאK 

 JאאאאאK 
 Jאאאאאאאאא

אK 
 Jאאאאאאא

אK 
٧ J אאאאא

K 
 

א JאאאאאK 
 Jאאאאאאאאא

אK 
 Jאאאאאאא

אK 
 


