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ABSTRACT

Finite element (FE) method is presented for the analysis of thin rectangular laminated
composite decks plates under the biaxial action of in — plane compressive loading. The
analysis uses the classical laminated plate theory (CLPT) which does not account for shear
deformations. In this theory it is assumed that the laminate is in a state of plane stress, the
individual lamina is linearly elastic, and there is perfect bonding between layers. The classical
laminated plate theory (CLPT), which is an extension of the classical plate theory (CPT)
assumes that normal to the mid — surface before deformation remains straight and normal to
the mid — surface after deformation. Therefore, this theory is only adequate for buckling
analysis of thin laminates. A Fortran program has been developed. New numerical results are
generated for in — plane compressive biaxial buckling which serve to quantify the effect of
boundary conditions on buckling loading. It is observed that, for all cases the buckling load
increases with the mode number but at different rates depending on whether the plate is simply
supported, clamped or clamped — simply supported. The buckling load is a minimum when
the plate is simply supported and a maximum when the plate is clamped. Because of the
rigidity of clamped boundary condition, the buckling load is higher than in simply supported
boundary condition. It is also observed that as the mode number increases, the plate needs
additional support.

Keywords: Boundary conditions, biaxial buckling, classical laminated plate theory, finite
element, Fortran program, composite laminated decks plates.
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INTRODUCTION

The type of boundary support is an important factor in determining the buckling loads
of a plate along with other factors such as aspect ratio, modulus ratio, ... etc.In this work, the
influence of biaxial edge loads on buckling characteristics of composite laminates is
investigated by using a finite element method. Furthermore, this investigation addresses the
effects of different degree of edge restraints on buckling analysis. Regarding this, a four node
plate element has been adopted by neglecting the effects of shear deformation and rotary
inertia. The influence of boundary conditions has been considered and studied in detail. Plates
are common structural elements of most engineering structures, including aerospace,
automotive, and civil engineering structures, and their study from theoretical and
experimental analyses points of view are fundamental to the understanding of the behavior of
such structures as illustrated in (Turvey and Osman, 1990), (Turvey and Osman, 1989),
(Turvey and Osman, 1991), and ( Elmardi, 2014). The motivation that led to the carrying out
of the present study has come from many years of studying classical laminated plate theory
(CLPT) and its analysis by the finite element (FE) method, and also from the fact that there
does not exist a publication that contains a detailed coverage of classical laminated plate
theory and finite element method in one volume. The present study is an attempt to fulfill the
need for a complete treatment of classical laminated theory of plates and its solution by a
numerical solution. The material presented is intended to serve as a basis for a critical study of
the fundamentals of elasticity and several branches of solid mechanics including advanced
mechanics of materials, theories of plates, composite materials and numerical methods. The
problem of critical buckling loads of laminated composite plates is analyzed and solved using
the energy method which is formulated by a finite element model. In that model, four nodded
rectangular elements of a plate is considered. Each element has three degrees of freedom at
each node. The degrees of freedom are the lateral displacement w, and the rotations ¢ and v
about the y and x axes respectively. The effects of lamination scheme on the non —
dimensional critical buckling loads of laminated composite plates are investigated. The

material chosen has the following properties: E—;— =5;G,5 = Gj3 = G,y = 05E, ; v, = 0.25.

Several numerical methods could be used in this study, but the main ones are finite difference
method (FDM), dynamic relaxation coupled with finite difference method (DR) as is shown
in (Turvey and Osman, 1990), (Turvey and Osman, 1989), (Turvey and Osman, 1991),
(Elmardi, 2014), (Elmardi, August 2015), (Elmardi, September 2015), (Elmardi, October
2015), and (Elmardi, September 2016), and finite element method (FEM). In the present
work, a numerical method known as finite element method (FEM) is used. It is a numerical
procedure for obtaining solutions to many of the problems encountered in engineering
analysis. It has two primary subdivisions. The first utilizes discrete elements to obtain the
joint displacements and member forces of a structural framework. The second uses the
continuum elements to obtain approximate solutions to heat transfer, fluid mechanics, and
solid mechanics problem. The formulation using the discrete element is referred to as matrix
analysis of structures and yields results identical with the classical analysis of structural
frameworks. The second approach is the true finite element method. It yields approximate
values of the desired parameters at specific points called nodes. A general finite element
computers program, however, is capable of solving both types of problems and the name"
finite element method™ is often used to denote both the discrete element and the continuum
element formulations. The finite element method combines several mathematical concepts to
produce a system of linear and non — linear equations. The number of equations is usually
very large, anywhere from 20 to 20,000 or more and requires the computational power of the
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digital computer. It is impossible to document the exact origin of the finite element method
because the basic concepts have evolved over a period of 150 or more years. The method as
we know it today is an outgrowth of several papers published in the 1950" that extended the
matrix analysis of structures to continuum bodies. The space exploration of the 1960™
provided money for basic research, which placed the method of a firm mathematical
foundation and stimulated the development of multi — purpose computer programs that
implemented the method. The design of airplanes, unmanned drones, missiles, space capsules,
and the like, provided application areas. The finite element method (FEM) is a powerful
numerical method, which is used as a computational technique for the solution of differential
equations that arise in various fields of engineering and applied sciences. The finite element
method is based on the concept that one can replace any continuum by an assemblage of
simply shaped elements, called finite elements with well-defined force, displacement, and
material relationships. While one may not be able to derive a closed — form solution for the
continuum, one can derive approximate solutions for the element assemblage that replaces it.
The approximate solutions or approximation functions are often constructed using ideas from
interpolation theory, and hence they are also called interpolation functions. For more details
refer to (Segelind, 1984),(Alkhafaji and Tooley, 1986), and (Eastop and McConkey, 1993).
The objective of this research paper is to present a complete and up to date treatment of
uniform cross section rectangular laminated decks plates on buckling. Finite element (FE)
method is used for solving governing equations of thin laminated composite plates and their
solution using classical laminated plate theory (CLPT).

MATHEMATICAL FORMULATIONS

Assumptions

The following assumptions were made in developing the mathematical formulations of
laminated plates:

1. All layers behave elastically;

2. Displacements are small compared with the plate thickness;

3. Perfect bonding exists between layers;

4. The laminate is equivalent to a single anisotropic layer;

5. The plate is flat and has a constant thickness;

6. The plate buckles in a vacuum and all kinds of damping are neglected.

Unlike homogeneous plates, where the coordinates are chosen solely based on the plate shape,
coordinates for laminated plates should be chosen carefully. There are two main factors for
the choice of the coordinate system. The first factor is the shape of the plate. Where
rectangular plates will be best represented by the choice of rectangular (i.e. Cartesian)
coordinates. It will be relatively easy to represent the boundaries of such plates with
coordinates. The second factor is the fiber orientation or orthotropic. If the fibers are set
straight within each lamina, then rectangular orthotropic would result. It is possible to set the
fibers in a radial and circular fashion, which would result in circular orthotropic. Indeed, the
fibers can also be set in elliptical directions, which would result in elliptical orthotropic. The
choice of the coordinate system is of critical importance for laminated plates. This is because
plates with rectangular orthotropic could be set on rectangular, triangular, circular or other
boundaries. Composite materials with rectangular orthotropic are the most popular, mainly
because of their ease in design and manufacturing. The equations that follow are developed
for materials with rectangular orthotropic. Figure (1) shows the geometry of a plate with
rectangular orthotropic drawn in the Cartesian coordinates X, Y, and Z or 1, 2, and 3. The
parameters used in such a plate are: (1) the length in the X-direction, (a); (2) the length in the
Y —direction (i.e. breadth), (b); and (3) the length in the Z — direction (i.e. thickness), (h).
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Fundamental equations of elasticity

Classical laminated plate theory (CLPT) is selected to formulate the problem. Consider
a thin plate of length a, breadth b, and thickness h as shown in Figure (2a), subjected to in —
plane loads Rx, Ry and Rxy as shown in Figure (2b). The in — plane displacements u (x, v, z)
and v (x,v,z) can be expressed in terms of the out of plane displacement w (x,y) as shown
below:
The displacements are:

dw
I!-[:_'I,}F,.Z] = u'o[:x’}?] .
dx
dw
v(x,y,z) = v,(x,y) —z— [1]
ay

w(x,y,z) = w,(x,¥)
Where u,, v, and w, are mid — plane displacements in the direction of the x, v and z axes
respectively; z is the perpendicular distance from mid — plane to the layer plane.
The plate shown in Figure (2a) is constructed of an arbitrary number of orthotropic

layers bonded together as in Figure (3).
The strains are:

du, d*'w 1 (610): 3
T ax  Zax? +2 dx

_dy, w1 awy’ [
e dy s dy? +E(E) (2)
_dy, N du . 9 w N (8w) (8w)
YT e dy zaxﬂ}r dx/ \ay/ J
The virtual strains:
be, =5 AP
T e e T T2 T ax
se, =2 v, — 22 _sw+ 25
E}. = a'l,?' v, .Za}r: W av a'l,?' W } 5
oy = 9 dv, + o ) 2 il ) =
Va0t dy Ho zﬂxﬂ}r W
+ﬂw i} Sw + a 5 dw
dx dy W dx Wﬁ}? J
The virtual strain energy:
£U=J Se’ odV (4)
V
But,
ag=Ce
Where,
c=cC;(i,j=126)
: :’EU:J. §e’ C SedV (5)
Vv

If we neglect the in-plane displacements u, and v, and considering only the linear terms
in the strain — displacement equations, we write:
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de = —z

3°
ﬁxﬂf
3°
dy?
af
dxdy

Sw (6)

2

THE NUMERICAL METHOD

The finite element is used in this analysis as a numerical method to predict the buckling

loads and shape modes of buckling of laminated rectangular plates (Elmardi, March 2016)

and

(Elmardi, August 2016). In this method of analysis, four — noded type of elements is

chosen. These elements are the four — noded bilinear rectangular elements of a plate. Each
element has three degrees of freedom at each node. The degrees of freedom are the lateral
displacement (w), and the rotations (¢) and () about the (X) and (¥') axes respectively.

The finite element method is formulated by the energy method. The numerical method

can be summarized in the following procedures:

1.
2.

3.

oo

The choice of the element and its shape functions.

Formulation of finite element model by the energy approach to develop both element
stiffness and differential matrices.

Employment of the principles of non — dimensionality to convert the element matrices to
their non — dimensional forms.

Assembly of both element stiffness and differential matrices to obtain the corresponding
global matrices.

Introduction of boundary conditions as required for the plate edges.

Suitable software can be used to solve the problem.

For an n noded element, and 3 degrees of freedom at each node.

Now express w in terms of the shape functions N and noded displacements a®, equation

(6) can be written as:

e = —zBda® (7)
Where,

BT — [afwi 8% N, afmi]

2
dx? dy? dxdy

and
Naf=[w,] i=1n
The stress — strain relation is:

ﬂ':

Ce

Where ¢ are the material properties which can be written as follows:

=

Ciz Con Gy

Cin Cyz Clﬁ]
Cie Coe Cg

au=f (Bda®)T(Cz*)Ba®dV
.

Where ¥V denotes volume.

SU = :ﬁ'a”j B"DBadx dy = §a"" K°a® (8)

v

Where D,; = X3, f;‘ C,;Z7 dZ is the bending stiffness, and K is the element stiffness
matrix which could be written as follows:
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K® = J- BTDB dxdy (9)

The virtual work done by external forces can be expressed as follows: Refer to Figure (4).
Denoting the nonlinear part of strain by §&'

aw=ﬂ n’;TE“Tcr“dL’=J.6£’TN dxdy (10)
Where
NT =[N, N, ;..’m_] = [o, cr,_.._r] dz
atﬁ'w 0 3
Se, 3 —
se' =|de.|=] 0o —owl||%* (11)
5}- ay ow
e, o 5y
Ldy v dx v
Hence,
w1 [ 9 a
a— a—:’iw 0 a—ﬁw N.:r
x x y
6W=ﬂ dw 0, 9, JS"}- dx dy (12)
a}F 0 a__'_IJ w E W xy
This can be written as:
8 5 d a
— w -
N N._.
sw=[||%F [ * *‘-‘*] 9% | i dy (13)
d N_.. N_l{ow
—51.-1.-’ N ¥ -
dy dy
Now w = N.af
anN" an,
— el dx |:Nl' N-t’}:| dx -
oW = da J.f aN, N, N, aN, a® dx dy (14)
dy ¥
Substitute P, = -N_,P, = —-N_,P_ = —N_,
an" aN.,
_ T dx [Px Px}] dx 8
dW = —da -ﬂ an, P, P, an, a® dx dy (15)
dy dy
Therefore, equation (15) could be written in the following form:
W = —8a°TKPa" (16)
Where,
aN1" an,
x| [B PByllox
KP = J f [ “‘*] dx dy
on,| le,  p llon,
dy dy
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KT is the differential stiffness matrix known also as geometric stiffness matrix, initial stress
matrix, and initial load matrix.
The total energy:

U+ W =0 (17)
Since §a® is an arbitrary displacement which is not zero, then
K®a® — K%a®* =0 (18)

Now let us compute the elements stiffness and the differential matrices.
K® = ﬂﬂfﬂa dx dy

LT

r a: NE a: NE -
dx* 22
EE N, Dy Dy Dy fN:_
K® = J-J’ A2 Dys Dy Dy > |dx dy
;;N Dy Dy D };N
22— 22—
L dxdy! L dxdy.

The elements stiffness matrix can be expressed as follows:

ke _ﬂ 9> N; 0 N; N p afwiafNJ.JrafNiafN}.
o g,z B ay? 9x2  9x? gyl

d°N; °N; 0d°N, afN}.) 9*N,3*N.

2D. Dyy————
T 201 (6:{&}? dx? N dx? dxdy Dz dy? ay?

d°N;d*N; 9°N, d°N; d°N; 9°N;
+ 2D, + +4D g —— dedy — (19)

dxdy dy?  dy? dxdy ¢ dxdy dxdy
The elements differential stiffness matrix can be expressed as follows;

K‘D B ﬂ dN, dN, (aw oN; aN, am) BN-BN-]

Fﬁ'—g dyv ﬂx+3x dv

The shape local co — ordinate for a 4 — noded element is shown below in Figure (5).

dxdy (20)

The shape functions for the 4 — noded element expressed in global co — ordinates (x, v) are as
follows:

w = Nyw, + Ny + Naypy + Nyw, + Nogy + Nyl

+Nowy + Ng@py + Noifiy + Nygw, + Ny, + Nypih,

Where,
_ dw _ dw
¢ = dx B dy

The shape functions in local co — ordinates are as follows:
N, =a, ta,rtazstar  tars+a,.s"+ ai?ra +agr s+ agrs”

+“z‘1u53 + ﬂ'*z'11’"5|5 + 8, rs®
N,=a; +a,r+azs+a,r’ +a.rs+aes’ +a,m° +ar’s +agrs”
+“;‘1u53 + a:ﬂlras +a;y, rs?
The integrals of the shape functions in local co — ordinates are as follows:

a° N, a° N 1
N Jf dr? ar? *drds = 16[ Q4 T 3070, + g“aa“js + “511“;'11]

d*N, 8N, 1
G, = 352 952 dr ds =16 |: zEuﬂ’_;l'Er + Eai'}a}"} + 3‘“’:‘1[}1“’}'1!} + Tiy2 ﬂ’_;l'lf:|
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-ﬂ B:r"- 352 I dr ds = 16[ Qi T Q705 + Qigtyyp + aﬂlajﬂ]

d*N, 9” N;
= J-f 352 3,2 L dr ds = 16[ Qe + a0y T Q19055 + ﬂilzﬂjn]

a> N, a° N'
N Jf dr? ords L drds=8[a Qa0 T Qa0 T 2047055 T Q5045

2
+ E ﬂiBﬂ_;u'B-]

d*N, 9* N; r 5
N 5‘7‘83 ar? S drds =38 | Tis%ja T 2a0a;; T a0, T 3 %es%ye

+a;;, aﬂ

[ 2
Jf ds® 5?‘55‘ drds=8 | Pis%ys T Gy T gﬂiaﬂjJ

a° N, a° N' - 2
e = jf drds ds? *drds =8 | %i5%5e + gﬂisaja + “511“}'6}

a* N; a° N' r 4
>~ || arasaras g drds=4 [Fiss t s +§ AigQje T Ais Q12
T3 0elys T Qi @ip + Qipa 8+ g “}'1"]

dN, BN
m=-ﬂ ar ar drds—4[a Qs +-= [30: ﬂ}?+4ﬂi4ﬂ}4+3ﬂ_i?ﬂﬂ

ta;;a5 T Q;5a;5 + Q10055 + Q505 + Q7G50 T Eﬂesﬂjs + Q505
1
gy “;‘5) + T (“55“;'1: + Qyalg + a5 055 + 904705 + 30,05, + Q54 85,

1
T;0 ﬂ'_;u'ilj += ﬂeiﬂ ﬂ}-ig}

BN BN 1
d11 = f EE drds = 4 [ﬂzﬂﬂjﬂ + = [azﬂﬂ’_;ls + g g + ;g lsg

+3a;a; + 4“:‘5“}5 + 30,9053 T 0505, T Qe T 3 Q;q0q T+ g0
+a;,0 5) += (ﬂzs 11 T Qiglyg T Qg5 T 9050590 T Q1 Qg0 T Gyy0 G5y
l

+3a,, ﬂr') + - “ulﬂ}u]

BN BN 1
g2 = EE dr ds = 4 [ﬂ a;; +§ (a;2a;s + 2a;5a;5 + 3a;,a;5

4

+3a,a; T 2a;5a; + a90;3 T 20,4051, + 30,0, + 3 ﬂ: 2o + azgajg
+2ﬂ'z'11ﬂ'15):|

BN BN 1
g3 = EE dr ds = [aiaa}-g + 3 (Eﬂiaaﬂ +2a;za;, + aga;;

1 4
ta;;a;9 + 24y 5“;5 + 3a;pa;; + 20,505, -I- Qg + = a: 98 T 3a;5a;7

+2a. lﬂa}‘,] + - (Ea:E_ 12 30,505 + 3a,5a,;, + 2a;,,a -4j]
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The values of the integrals are converted from local co — ordinate (r,s) to global co —

ordinates.
The integrals of the shape functions in global co — ordinates are as follows:

_j 3’ N, aN, & _ [4h, _ 4n®b
" dx? dx? h3 9= mas 91

J‘&N&N e v = 4h, _ 4am®
= dy? gyt - 92 = 2

d*N, d° N; 4 4mn
Eh J-J’ dx? dy? dx d) :(h,’_hx)qa: ab 3
a° N, a2 N B 4
£ ﬂ’ dy? dx? dx d) _(h}.h_r)
d*N; 0°N; 4 4n*
E ﬂ’ dx? dxdy dx dy = (h )%2?%
= [ 25T ey (2)
® dxdy dx? il h
0°N, 8°N; 4 am®
7= ﬂ’ dy? oxdy dy:(?)q?:?q?

_J-J' d°N; 9° N, dx dv = 4 _4m’
8 < dxdy dy? o 98 = 3z 98

_ﬂ' 0°N; °N, dx dv = 4 _4mn
s = dxdyvdxdy Y= h, h, 9o~ ab s

_J’J’ 5N53N}- o dv = h}. B bn
"o = dx dx “ " \h 10 _ﬂ,mqm

_J’J’ﬂNEBN}- o dv = h, am
" = ay dy ¥ = 1, G = 3 9n
rl" :J. ﬂ% dxdvquﬂ
- dx dy :

dN, BN
:f oy ox FY=

In the previous equations h, = f and h, = iwhere a and b are the lengths of the plate along

the x — and y — axis respectively. n and m are the number of elements in the x — and y —

directions respectively.
The elements of the stiffness matrix and the differential matrix can be written as

follows:
Kij =Dyr + D1y T2D1,13 + Dyp13 + Dypty + 2D 15 + 2D 15 + 205,15 + 4D .1,

KE-‘? =Py + B, (ry +1a) + By
or in the non — dimensional form:
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an? by _ an _ o an
K;=— D,q,+4mn (E) Di.g,+4n D, q. + 4mn (—} D,.q5

m \a 5
3 5 )
4:,1 {%) D,.q, + 4m° (g) D,.qg +4n°D . q; + 4m” {%) D..q,
+4mn (% D..qs

_nib _ _ M ya
Ki‘? - Fx_(a)qll}-l_ P_r}-(fhz + q43) +P}-;(E)qn

Also
= #=C)e #=Q)v

The transformed stiffnesses are as follows:

=

=7
Il

c-l

T
=}

C,, = Cjyc* +2c7s7(Cy, + 2C,,) + Cps*

Cip = cs?(Cly + €3y + 4Cge) + Clp(c* +57)

Cie = es[C1ye® + €557 — (€5 + 2C4) (e — 57)]
Cyp = CJys* + 26%5%(C), + 2€L) + Clyc®

Cae = €5[C1y57 — Cope® — (Cpp + 2C¢) (e — 57)]

Where
E.
ofo= 7
11w,
vy, E. v, E
cL, = 21 51 _ 12 &1
Tl =y, 1 vy
Cpy = — 22
21—,

Cas = Go3 . Cis =Gy and Cge = Gy

E, and E, are the elastic moduli in the direction of the fiber and the transverse directions
respectively, v is the Poisson's ratio. G,,, G,5, and G,; are the shear moduli in the x - y
plane, y - z plane, and x - z plane respectively, and the subscripts 1 and 2 refer to the

direction of fiber and the transverse direction respectively.

RESULTS AND DISCUSSIONS

The type of boundary support is an important factor in determining the buckling loads
of a plate along with other factors such as aspect ratio, modulus ratio, ... etc. Three sets of
boundary conditions, namely simply — simply supported (SS), clamped — clamped (CC), and
clamped — simply supported (CS) were considered in this study. The variations of buckling
load, 2 with the mode number for thin (a/h = 20) symmetrically loaded laminated cross —
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ply (0/90/90/0) plate with modulus ratio (E, /E, = 5) were computed and the results are given
in Table (1) and Figure (6). It is observed that, for all cases the buckling load increases with
the mode number but at different rates depending on whether the plate is simply supported,
clamped or clamped — simply supported. The buckling load is a minimum when the plate is
simply supported and a maximum when the plate is clamped. Because of the rigidity of
clamped boundary condition, the buckling load is higher than in simply supported boundary
condition. It is also observed that as the mode number increases, the plate needs additional
support. The present results have a good agreement with (L. H. Yu et al. , 2008), (M.
Mohammadi et al. , 2009), ( Moktar Bouazza et al. 2012), and (J. N. Reddy , 2004).

CONCLUSIONS

A Fortran program based on finite elements (FE) has been developed for buckling
analysis of thin rectangular laminated decks plates using classical laminated plate theory
(CLPT). The problem of buckling loads of generally layered composite plates has been
studied. The problem is analyzed and solved using the energy approach, which is formulated
by a finite element model. In this method, quadrilateral elements are applied utilizing a four
noded model. Each element has three degrees of freedom at each node. The degrees of
freedom are: lateral displacement (w), and rotation (¢) and (y) about the x and y axes
respectively. The finite element model has been formulated to compute the buckling loads of
laminated plates with rectangular cross — section and to study the effect of boundary
conditions on the non — dimensional critical buckling loads of laminated composite plates.
New results have been presented. It is observed that, for all cases the buckling load increases
with the mode number but at different rates depending on whether the plate is simply
supported, clamped or clamped — simply supported. The buckling load is a minimum when
the plate is simply supported and a maximum when the plate is clamped. Because of the
rigidity of clamped boundary condition, the buckling load is higher than in simply supported
boundary condition. It is also observed that as the mode number increases, the plate needs
additional support.

ACKNOWLEDGMENTS

The authors would like to acknowledge with deep thanks and profound gratitude Mr. Osama
Mahmoud of Daniya Center for Publishing and Printing Services, Atbara, Sudan who spent
many hours in editing, re — editing of the manuscript in compliance with the standard format
of the Iragi journal for mechanical and materials engineering (igjfmme).

i
I e
h ' X1

1 ¢ "

.2

Figure (1): The geometry of a laminated composite plate
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Figure (5): A four nodded element with local ~ Figure (6): Effect of boundary conditions
and global co — ordinates

Table (1): The first five non — dimensional buckling loads P = Pa*/E,h* of symmetric

(0/90/90/0) square laminated plates with a/h = 20, and E, /E, = 5
Mode Boundary Conditions
Number SS CcC CS
1 0.6972 2.1994 1.8225
2 1.2552 2.5842 2.0097
3 2.4284 4.1609 2.7116
4 2.6907 4.7431 4.3034
5 2.7346 5.0168 4.4536
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